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Abstract
Bosons and fermions are described by using canonical generators of
Cuntz algebras on any permutative representation. We show a fermion-
ization of bosons which universally holds on any permutative represen-
tation of the Cuntz algebra O2. As examples, we show fermionizations
on the Fock space and the infinite wedge.
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1 Introduction
We have studied bosonization, fermionization and boson-fermion correspon-
dence by using the representation theory of operator algebras. In this sec-
tion, we explain known fermionizations of bosons and our main theorem.
We start with problems in fermionization of bosons.
1.1 What is a fermionization of bosons?
It is often said that bosons can be written by using fermions in various con-
texts [11, 18, 20]. Such a description is called a fermionization of bosons
in the broad sense of the term. This never means that the ∗-algebras of
bosons is embedded into the ∗-algebra of fermions as a ∗-subalgebra. Fur-
thermore, neither a C∗-algebra nor a von Neumann algebra generated by
∗e-mail: kawamura@kurims.kyoto-u.ac.jp.
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fermions contains the ∗-algebras of bosons ([13], § 1.1.1). Such a fermioniza-
tion means a description of bosons by using not only fermions but also the
normal order with respect to its representation [17, 19], or the description
of Weyl forms of bosons by using a certain operator algebra of fermions [10].
In consequence, any known fermionization of bosons must depend on some
representation of the algebra of fermions even if the representation is not
apparently mentioned.
In consideration of these facts, our question is stated as follows.
Problem 1.1 Is there a fermionization of bosons which does not depend on
the choice of representation of the algebra of fermions?
The aim of this paper is to give a weak solution for Problem 1.1. The new
idea is that our fermionization has a kind of universality, which is derived
from the representation theory of a Cuntz algebra.
1.2 Recursive boson system and recursive fermion system
In order to define our fermionization, we briefly explain recursive boson
system and recursive fermion system in this subsection. Let O2 denote the
Cuntz algebra [7] with canonical generators {t1, t2}, that is, they satisfy that
t∗i tj = δijI (i, j = 1, 2), t1t
∗
1 + t2t
∗
2 = I. (1.1)
For N ≡ {1, 2, 3, . . .}, let {bn : n ∈ N} and {an : n ∈ N} denote bosons and
fermions, that is,
bnb
∗
m − b∗mbn = δnmI, bnbm − bmbn = b∗nb∗m − b∗mb∗n = 0, (1.2)
ana
∗
m + a
∗
man = δnmI, anam + aman = a
∗
na
∗
m + a
∗
ma
∗
n = 0 (1.3)
for each n,m ∈ N. We can describe {bn : n ∈ N} and {an : n ∈ N} by using
{t1, t2} as follows [14]:
b1 =
∑
m≥1
√
mtm−1
2
t1t
∗
1(t
∗
2)
m, bn = ρ(bn−1) (n ≥ 2), (1.4)
a1 = t1t
∗
2, an = ζ(an−1) (n ≥ 2) (1.5)
where
ρ(x) =
∑
m≥1
tm−1
2
t1xt
∗
1(t
∗
2)
m−1, (1.6)
ζ(x) = t1xt
∗
1 − t2xt∗2 (1.7)
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for x ∈ O2. We call these descriptions of {bn : n ∈ N} and {an : n ∈ N}
as the recursive boson system (=RBS) and the recursive fermion system
(=RFS), respectively.
Remark that {bn : n ∈ N} in (1.4) and ρ(x) in (1.6) are not well-defined
in O2, but they make sense as operators on the reference subspace of any
permutative representation of O2 by Remark 1.1 in [14], which are defined
as follows.
Definition 1.2 [6, 8, 9, 13] A representation (H, pi) of O2 is permutative if
there exists an orthonormal basis E ≡ {en : n ∈ Λ} of H such that pi(ti)E ⊂ E
for each i = 1, 2. We call E and the linear hull D of E by the reference basis
and the reference subspace of (H, pi), respectively.
Any permutative representation is decomposed into the direct sum of cyclic
permutative representations unique up to unitary equivalence. Unitary
equivalence classes of irreducible permutative representations are completely
classified. There exist uncountably many unitary equivalence classes of ir-
reducible permutative representations [6, 8, 9].
The RFS and the RBS induce branching laws of ∗-representations of
Cuntz algebras on fermions and bosons [1, 3, 4, 12, 13, 14], and a nonlinear
transformation group of fermions [2].
1.3 Main theorem
In this subsection, we show our main theorem. Let t1, t2 denote canonical
generators of O2 in (1.1). Assume that they act on a permutative represen-
tation with the reference subspace D. Let A denote the ∗-algebra generated
by fermions {an : n ∈N} in (1.5). Define the subset {Wn : n ≥ 0} of A by
W0 ≡ a1a∗1, Wn ≡ an+1a∗n+1a∗nan · · · a∗1a1 (n ≥ 1). (1.8)
Then we can verify that {Wn : n ≥ 0} is an orthogonal family of projections,
that is,
W ∗n =Wn, W
2
n =Wn, WnWm = 0 (n 6= m), (1.9)
on D such that ∑n≥0Wn = I on D.
Lemma 1.3 (i) For ρ in (1.6), ρ(an) =
∑
m≥0(−1)man+m+1Wm for n ≥
1 where the formal infinite sum is actually finite on D.
(ii) For any operators x, y on D, ρ(xy) = ρ(x)ρ(y) on D.
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(iii) Define the formal infinite sum Y of fermions by
Y ≡ a∗1a2 +
∑
n≥2
a∗1a1 · · · a∗n−1an−1a∗nan+1. (1.10)
Then the sum in (1.10) is actually finite on D and YD ⊂ D.
From Lemma 1.3(i), if x is a formal infinite sum of fermions acting on D,
then so is ρ(x).
Theorem 1.4 Let D denote the reference subspace of a permutative repre-
sentation of O2 and let t1, t2 denote canonical generators of O2 acting on
D. Let ρ, Wn, Y be as in (1.6), (1.9) and (1.10), respectively. For n ≥ 1,
define the set {Fn : n ≥ 1} of formal infinite sums of fermions by
F1 ≡
∑
m≥1
√
mWm, Fn ≡ Y ρ(Fn−1) (n ≥ 2). (1.11)
Then the following holds:
(i) Formal infinite sums in Fn’s are actually finite on D and FnD ⊂ D
for each n ≥ 1.
(ii) For n ≥ 1, a boson bn in (1.4) is written as the product of t∗2 and Fn:
bn = t
∗
2Fn. (1.12)
Theorem 1.4 shows that bosons are written by using fermions and one of
(the ∗-conjugate of) canonical generators, t∗2 of O2. The universality of
the fermionization of bosons (1.12) holds on the reference subspace of any
permutative representation of O2. Hence a weak solution of Problem 1.1 is
given. We see that a boson bn corresponds with the “cluster” Fn of fermions
by the canonical generator t∗2 of O2 in a purely algebraic sense.
Remark 1.5 (i) The formula (1.12) is derived from the RBS (1.4), the
RFS (1.5) and permutative representations of O2 but not from a spe-
cific physical model. Especially, our fermionization has no relation
with the dimension of any space-time.
(ii) Instead of normal product or operator topologies, we use t∗2 in (1.12).
Hence bn is not written by using only fermions.
(iii) The fermionization (1.12) holds on any permutative representation
even if it is not irreducible.
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(iv) Theorem 1.4 shows that any boson is written as (the limit of) even
numbers of fermions except t∗2.
According to [14], we show the significance of the fermionization (1.12).
For a given permutative representation pi of O2, we obtain the restriction
pi|A of pi on the ∗-algebra A of fermions. From the fermionization (1.12), we
obtain the representation (pi|A)|B of bosons. The operation
pi|A 7→ (pi|A)|B (1.13)
seems that (pi|A)|B was the restriction of pi|A on B which is the ∗-algebra
of bosons. Remark that pi|A is not irreducible even if pi is irreducible. The
operation (1.13) holds on any permutative representation pi of O2, but does
not always hold on representation of fermions.
At the last of this section, we consider the inverse formula of Theorem
1.4. When fermions are written by using bosons, such a description is called
a bosonization of fermions in the broad sense of the term [5, 11, 16, 21].
Theorem 1.4 brings the following natural question.
Problem 1.6 In analogy with Theorem 1.4, find bosonization formulae of
fermions, which is universally holds on the reference subspace of any per-
mutative representation of O2.
In § 2, we prove Lemma 1.3 and Theorem 1.4. In § 3, we show examples
of Theorem 1.4.
2 Proofs of theorems
In this section, we prove Lemma 1.3 and Theorem 1.4.
2.1 Permutative representations of Cuntz algebras
For N = 2, 3, . . . ,+∞, let ON denote the Cuntz algebra [7], that is, a C∗-
algebra which is universally generated by s1, . . . , sN satisfying s
∗
i sj = δijI
for i, j = 1, . . . , N and
N∑
i=1
sis
∗
i = I (if N < +∞),
k∑
i=1
sis
∗
i ≤ I, k = 1, 2, . . . (if N = +∞)
where I denotes the unit of ON .
Let {t1, t2} and {sn : n ∈ N} denote canonical generators of O2 and
O∞, respectively. We introduce two (classes of) permutative representations
of O2.
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Definition 2.1 [1, 4, 12, 14] We write a class P (1) (resp. P (12)) of repre-
sentations (H, pi) of O2 with a cyclic unit vector Ω ∈ H such that pi(t1)Ω = Ω
(resp. pi(t1t2)Ω = Ω).
Both P (1) and P (12) contain only one unitary equivalence class. Hence we
identify P (1) and P (12) with their representatives, respectively. They are
irreducible and permutative but not unitarily equivalent.
By using the embedding of O∞ into O2 defined by
sn = t
n−1
2
t1 (n ≥ 1), (2.1)
the restriction of any permutative representation of O2 on O∞ is also per-
mutative. Furthermore, if D is the reference subspace of a permutative
representation of O2, then D is that of O∞. Then the following holds.
Lemma 2.2 Let {sn : n ∈N} be as in (2.1) and let D denote the reference
subspace of a permutative representation of O2. Then, for any v ∈ D,
s∗nv = 0 except finite number of n ∈ N.
Proof. By definitions of permutative representation and the reference sub-
space, we see that D = ⋃n≥1 snD and snD ∩ smD = {0} when n 6= m.
For any v ∈ D, there exists a nonempty finite subset A of N such that
v ∈ ⊕k∈AskD. Hence s∗nv = 0 when n 6∈ A. Therefore the statement holds.
The essential part of our fermionization is derived from (2.1). The relation
(2.1) also appears in the metric theory of continued fractions [15].
2.2 Proofs of Lemma 1.3 and Theorem 1.4
Define the subset {Xn : n ≥ 1} of A by
X1 ≡ a∗1a2, Xn ≡ a∗1a1 · · · a∗n−1an−1a∗nan+1 (n ≥ 2). (2.2)
By definition, the following holds.
Lemma 2.3 Let ρ, Wn, sn, Xn be as in (1.6), (1.8), (2.1) and (2.2), re-
spectively. Then the following holds:
(i) For each n ≥ 1, t2sn = sn+1.
(ii) For each n ≥ 0, Wn = sn+1s∗n+1.
(iii) For each n ≥ 1, snt∗2s∗n = t∗2Xn.
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(iv) For {an} in (1.5), we obtain the following:
sman = (−1)m−1an+msm, sma∗n = (−1)m−1a∗n+msm (n,m ≥ 1).
Proof of Lemma 1.3. (i) By definition, ρ(an) =
∑
m≥1 smans
∗
m. From
Lemma 2.3(ii) and (iv), smans
∗
m = (−1)m−1an+mWm−1 for m ≥ 1. For
any v ∈ D, Wnv = 0 except finite number of n ∈ N from Lemma 2.2 and
Lemma 2.3(ii). Hence the sum
∑
m≥1(−1)m−1an+mWm−1 is actually finite
on D.
(ii) Let v ∈ D. From Lemma 2.2, there exists a nonempty finite subset A of
N such that s∗nv = 0 when n 6∈ A. Hence
ρ(xy)v =
∑
m≥1
smxys
∗
mv =
∑
m∈A
smxys
∗
mv. (2.3)
On the other hand, ρ(y)v =
∑
m∈A smys
∗
mv ∈ D. From this,
ρ(x)ρ(y)v = ρ(x)
∑
m∈A
smys
∗
mv =
∑
m∈A
ρ(x)smys
∗
mv =
∑
m∈A
smxys
∗
mv. (2.4)
Hence the statement holds.
(iii) By definition and Lemma 2.3(iii), Y =
∑
n≥1Xn =
∑
n≥1 sn+1t
∗
2s
∗
n.
From Lemma 2.2, the sum in Y is actually finite on D. Since sn+1t∗2snD ⊂ D,
YD ⊂ D.
Proof of Theorem 1.4. (i) From Lemma 2.3(ii) and Lemma 2.2, the sum in
F1 is actually finite on D. From Lemma 1.3(iii) and Lemma 2.2, the sum
in ρ(F1) is actually finite on D. From this, F2 = Y ρ(F1) is actually finite
on D. In this way, we see that the sum in Fn is actually finite on D for all
n ≥ 1.
(ii) From Lemma 2.3(iii) and Lemma 1.3(iii), we see that
ρ(t∗2) =
∑
n≥1
snt
∗
2s
∗
n = t
∗
2
∑
n≥1
Xn = t
∗
2Y (2.5)
for Y in (1.10).
From (1.4) and Lemma 2.3(ii), we obtain that b1 = t
∗
2
∑
n≥1
√
nWn
where the formal infinite sum of fermions is actually finite on D from Lemma
2.2. Hence the case n = 1 holds. Assume that (1.12) holds for n ≤ n0 for
some n0 ∈ N. From Lemma 1.3(ii) and (1.4),
bn0+1 = ρ(bn0) = ρ(t
∗
2Fn0) = ρ(t
∗
2)ρ(Fn0). (2.6)
From (2.5) and the definition of Fn, we obtain that bn0+1 = t
∗
2Fn0+1. By
the inductive method, the statement holds.
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3 Examples
We show examples of Theorem 1.4 in this section.
3.1 F1 and F2
We show more concrete representations of F1 and F2 in (1.11) as follows.
Proposition 3.1
F1 =
∑
n≥1
√
na∗1a1 · · · a∗nanan+1a∗n+1, (3.1)
F2 =
∑
n,m≥1
√
ma∗1a1 · · · a∗n−1an−1a∗nan+1a∗n+2an+2 · · · a∗n+man+man+m+1a∗n+m+1
(3.2)
where we write a0 = a
∗
0 = I.
Proof. By definition, (3.1) holds. For n ≤ m, defineR[n,m] ≡ a∗nan · · · a∗mam.
Then we can verify that ρ(Wm) =
∑
l≥0 am+l+2a
∗
m+l+2R[l+ 2, l+ 1+m]Wl
for each m ≥ 1. From this, (3.2) is verified.
3.2 Fermionization on the Fock representation
In this subsection, we show that the fermionization (1.12) induces the Bose-
Fock representation from the Fermi-Fock representation.
Proposition 3.2 Let B and A denote ∗-algebras generated by {bn : n ≥ 1}
in (1.2) and {an : n ≥ 1} in (1.3), respectively. We assume that A is
embedded into O2 by (1.5).
(i) Let (HF , piF ) be the Fermi-Fock representation of A with the vacuum
Ω, that is, Ω is a cyclic unit vector of HF such that
piF (an)Ω = 0 (n ≥ 1). (3.3)
Then there exists a cyclic action p˜iF of O2 on HF such that p˜iF |A = piF
and p˜iF (t1)Ω = Ω.
(ii) The cyclic representation (HF , piF ,Ω) of A in (i) induces the Bose-
Fock representation with Ω as the Bose-Fock vacuum, with respect to
the fermionization (1.12), that is,
p˜iF (bn)Ω = 0 (n ≥ 1) (3.4)
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and p˜iF (B)Ω is a dense subspace of HF with respect to (1.4).
Proof. From Theorem 1.2(ii) of [14], the former statement of (i) holds.
From (i), (HF , p˜iF ) is P (1) of O2 in Definition 2.1. Hence it is permutative.
From Theorem 1.2(i) of [14], the latter statement of (i) holds. From the
uniqueness of the action of O2 in (i), The statement (ii) holds from Theo-
rem 1.2(iii) of [14].
In consequence, the fermionization (1.12) preserves Fock vacua of fermions
and bosons.
In fact, we show (3.4) for n = 1, 2 here. We write piF (x), p˜iF (y) as x, y
for the simplicity of description. From (1.12),
b∗n = F
∗
nt2 (n ≥ 1). (3.5)
Let Ω be as in (3.3). For n ≥ 1, let Rn ≡ a∗1a1 · · · a∗nan. From (3.5),
b∗1Ω = F
∗
1 t2Ω
=
∑
n≥1
√
nWnt2Ω
=
∑
n≥1
√
nan+1a
∗
n+1Rnt2Ω
=
∑
n≥1
√
nan+1a
∗
n+1a
∗
nan · · · a∗2a2a∗1Ω
= a2a
∗
2a
∗
1Ω
= a∗1Ω.
From (3.2),
b∗2Ω = F
∗
2 t2Ω
=
∑
n,m≥1
√
mRn−1a
∗
n+1ana
∗
n+2an+2 · · · a∗n+man+man+m+1a∗n+m+1t2Ω
=
∑
m≥1
√
ma∗2a1a
∗
3a3 · · · a∗1+ma1+ma2+ma∗2+mt2Ω
=
∑
m≥1
√
ma∗3a3 · · · a∗1+ma1+ma2+ma∗2+ma∗2Ω
= a3a
∗
3a
∗
2Ω
= a∗2Ω.
3.3 Fermionization on the infinite wedge
According to [12], we show the fermionization on the infinite wedge. Define
Z≥0 + 1/2 ≡ {n + 1/2 : n = 0, 1, 2, . . .}. For k ∈ Z≥0 + 1/2, rewrite
{an : n ∈ N} in (1.3) as
ψk ≡ a2k+1, ψ−k ≡ a2k. (3.6)
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Of course, the ∗-algebra generated by {ψk, ψ−k : k ∈ Z≥0 + 1/2} coincides
with A. Let Ω and Ω∗ be vectors in a representation space of A such that
ψ−kΩ = ψ
∗
kΩ = 0 (k ∈ Z≥0 + 1/2), (3.7)
ψkΩ
∗ = ψ∗−kΩ
∗ = 0 (k ∈ Z≥0 + 1/2). (3.8)
The cyclic subrepresentation of A generated by Ω (resp. Ω∗) is called the in-
finite wedge representation (resp. dual infinite wedge representation). From
(3.6),
a2n−1Ω = a
∗
2nΩ = 0 (n ∈ N), (3.9)
a2nΩ
∗ = a2n−1Ω
∗ = 0 (n ∈ N). (3.10)
From [12], they are irreducible and they are not unitarily equivalent.
Proposition 3.3 (i) Let (HIW , piIW ) and (HIW ∗ , piIW ∗) be the infinite
wedge representation with the vacuum Ω and the dual infinite wedge
representation with the dual vacuum Ω∗ of A, respectively. Then there
exists a cyclic action pi2 of O2 on HIW ⊕ HIW ∗ such that pi2|A =
piIW ⊕ piIW ∗ and pi2(t2)Ω = Ω∗ and pi2(t1)Ω∗ = Ω.
(ii) The direct sum representation (HIW⊕HIW ∗, piIW⊕piIW ∗) of A induces
the following representation η ≡ (piIW ⊕ pi∗IW )|B of bosons with the
cyclic vector Ω in (i), with respect to the fermionization (1.12):
η(bnb
∗
n)Ω = 2Ω (n ∈ N). (3.11)
Proof. (i) See Theorem 1.1(ii) in [12].
(ii) We see that the cyclic representation η in (3.11) is BF1,1(2) in Definition
3.4 of [14]. Furthermore we see that piIW and piIW ∗ are FF2,1 and FF2,2 in
Example 3.7(ii) of [14], respectively. From Example 4.7(ii) in [14], we see
that they are the restrictions of P (12) in Definition 2.1. Hence the statement
holds.
Remark 3.4 From Proposition 3.3, two irreducible representations of fermions
induce one irreducible representation of bosons with respect to the fermion-
ization (1.12). On the other hand, the infinite wedge representation is de-
composed into the direct sum of countably infinite many Bose-Fock repre-
sentations with respect to the fermionization in [17, 19]. Hence our fermion-
ization is different from that in [17, 19].
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